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FOUR-DIMENSIONAL GEOMETRIC SUPERGRAVITY AND ELECTROMAGNETIC
DUALITY: A BRIEF GUIDE FOR MATHEMATICIANS
C. I. LAZAROIU AND C. S. SHAHBAZI
ABSTRACT. We give a gentle introduction to the global geometric formulation of the bosonic sector offour-dimensional supergravity and its U-duality group. This geometric formulation involves a choiceof Lorentzian submersion π over a four-dimensional Lorentzian manifold (M,g), which determines the’non-linear section sigma model’ of the theory, and of a flat symplectic vector bundle S equipped witha complex polarization over the total space of π , which encodes the inverse gauge couplings and thetaangles of the theory and determines its gauge sector. The classical fields of the theory are a Lorentzianmetric on M , a global section of π and an S-valued two-form satisfying an algebraic relation whichencodes the notion oftwisted self-duality in four Lorentzian dimensions. We use this geometric formu-lation to investigate the group of electromagnetic duality transformations of supergravity (also knownas its continuous classical U-duality group) which we characterize using a certain short exact sequence.We also discuss the general structure of the Killing spinor equations of four-dimensional supergravity,providing several explicit examples and remarking on a few open problems. This presentation is aimedat mathematicians working in differential geometry.
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1. INTRODUCTIONSupergravity theories are supersymmetric theories of gravity which, aside from their intrin-sic phenomenological interest, are of fundamental importance in high energy physics since theydescribe the low-energy limit of string and M-theory and their associated supersymmetric compact-ifications [8, 11, 29, 37, 53]. In addition to their role in theoretical physics, supergravity theories havebeen the source of important developments and activity in mathematics, especially in geometry andtopology, see for instance [28, 30, 34, 39, 51, 56] and their references and citations. Indeed, the localformulation of supergravity is well-known to involve important mathematical structures and objectsinteracting in a delicate equilibrium dictated by supersymmetry, such as Kähler-Hodge manifolds,Riemannian manifolds of special holonomy, harmonic maps, exceptional Lie groups, gerbes andCourant algebroids or gauge-theoretic moduli spaces, to name only a few. This makes the mathe-matical study of supergravity into a rich and quite formidable endeavour. Supergravity theories canbe defined in various dimensions and signatures and can be deformed through various mechanismswhile preserving their supersymmetric structure (see [32, 55] and references therein for details onthe deformation of such theories through gauging). In this short review, we will consider exclu-sively four-dimensional ungauged supergravity theories in Lorentzian signature, where the termungauged means we will not consider any gauging of the theory. Such theories are particularlyrelevant for several reasons, both from the physical and mathematical point of view, among whichwe can mention the following:
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• Four-dimensional supergravity theories describe the effective dynamics of the massless modesof string and M-theory compactifications to four-dimensions, which is the observed physical di-mension of spacetime and therefore yields the adequate set-up for phenomenological applications[8, 38].
• Supergravity theories in four-dimensions enjoy a type of duality called electromagnetic U-duality,which is inherited from ordinary electromagnetic duality in four Lorentzian dimensions and hasdeep connections with string theory U-duality groups [40]. Furthermore, electromagnetic dualitygives rise to interesting mathematical structures of gauge-theoretic type.
• Four-dimensional supergravity theories involve rich non-linear sigma models with Riemanniantarget spaces of special type, whose moduli spaces of solutions can be expected to enjoy interestingapplications in the differential topology of Riemannian three and four manifolds.
• The dimensional reduction of N = 2 four-dimensional supergravity to three-dimensions is theorigin of the celebrated c-map in quaternionic-Kähler and projective special Kähler geometry[23, 25, 39], see also [21] for a related construction called the the r-map in the literature. Inparticular,N = 2 supergravity has a deep connection with Quaternionic-Kähler manifolds whichhas not been explored systematically in the mathematics literature.
In contrast to higher-dimensional supergravities, which receive increasing mathematical attentionand whose geometric formulation and structure is being actively investigated [5, 7, 10, 26, 34, 35, 54],the mathematics community has paid little attention to low-dimensional supergravity, for exam-ple in four-dimensions. This might be due in part to the inaccessibility of the relevant physicsliterature to mathematicians. Nonetheless, four-dimensional supergravity is an extremely rich sub-ject from a mathematical standpoint, since there exists a plethora of such theories which remainto be explored mathematically and involve interesting problems. The distinction between higherand low dimensional supergravity is akin to that between higher and low-dimensional differentialtopology, the latter yielding a remarkably rich and subtle theory [24]. Given their importance, thelocal structure and properties of four dimensional supergravities was extensively studied in thephysics literature, in a long-term effort that evolved myriad of ramifications. We refer the readerto [1, 2, 4, 12, 13, 16, 17, 20, 22, 27, 50] for more detail and references. Despite all this work, theglobal geometric formulation and proper mathematical theory of four-dimensional supergravity arepoorly understood and remain open for investigation and exploration.It would be desirable to develop the complete mathematical foundations of all four-dimensionalsupergravities, including their bosonic and fermionic sectors. In our opinion, this is currently out ofreach. Fortunately, most applications of supergravity to differential geometry and topology only re-quire the mathematical theory of the bosonic sector together and the Killing spinor equations, whichfully capture the geometry and topology of supersymmetric solutions and associated moduli spaces.Solutions of the equations of motion of a supergravity theory which satisfy the supergravity Killingspinor equations are called supersymmetric solutions and were intensively studied in the physics[36] and mathematics literature [30], the latter focusing almost entirely on higher-dimensional Rie-mannian signature. The global geometrization of bosonic supergravity together with its associatedKilling spinor equations on oriented manifolds of arbitrary topology was named geometric super-
gravity in [14, 45, 46], which initiated a long-term program devoted to systematically developing themathematical foundations of four-dimensional (ungauged) geometric supergravity. The first step inthis program concerns the bosonic sector, paying special attention to its Dirac quantization, electro-magnetic U-duality group and various reductions to three-dimensional Riemannian manifolds andRiemann surfaces. We note that the mathematical theory of geometric supergravity is far fromfinished, and [14, 45, 46] constitute only a first few steps towards its completion.In this short review we will discuss some of the results of [14, 45, 46] concerning the globalmathematical formulation and symplectic duality structure of geometric supergravity. Roughlyspeaking, the generic bosonic sector of four-dimensional supergravity consists of three sub-sectors,namely:
• The gravitational sector, which corresponds to the Einstein-Hilbert term of the local Lagrangian.
• The scalar sector, which corresponds locally to a non-linear sigma model coupled to gravity.
• The gauge sector, which corresponds locally to a theory of an arbitrary number of Abelian gauge
fields coupled to the scalars fields of the scalar sector.
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Therefore, four-dimensional supergravity can be though of as the unification, using supersymmetryas a guiding principle, of three cornerstones of differential geometry, namely the theory of Einsteinmetrics, the theory of harmonic maps and Yang-Mills theory.The Killing spinor equations of four-dimensional supergravity are first order differential equationsinvolving the bosonic fields of the theory and a supersymmetry parameter, which is mathematicallydescribed as a section of an appropriate bundle of Clifford modules over the underlying Lorentzianmanifold. Supergravity Killing spinor equations generalize, through the principle of supersymmetry,well-known spinorial equations studied intensively in the literature, such as Hermite-Yang-Millsequations, instanton equations, the Seiberg-Witten equations, generalized Killing spinor equationsor the pseudoholomorphicity equations. The study of supergravity Killing spinor equations makescontact with modern areas of mathematics under current development and brings supergravityinto mathematical gauge theory, a field of mathematics whose tools and methods are speciallywell-adapted to the study of supersymmetric solutions and their moduli spaces. We hope that thedevelopment of the mathematical theory of four-dimensional supergravity can clarify this relationand bring new problems and perspectives into mathematical gauge theory.An important remark is in order: we do not discuss the Dirac quantization of geometric super-gravity in this report, since it is yet to be fully developed and it is work in progress [47]. As shown inOp. Cit., implementing Dirac quantization is a fundamental step in order to properly understand thegeometric structure of four-dimensional supergravity as well as the global structure of its solutionsand associated moduli spaces.The outline of this manuscript is as follows. In Section 2 we review the well-known local for-mulation of four-dimensional bosonic supergravity, giving a rigorous novel description of its elec-tromagnetic U-duality group. In Section 3 we explain the global geometric formulation of bosonicfour-dimensional supergravity together with the necessary geometric background. In Section 4we describe the global electromagnetic U-duality group of geometric supergravity, characterizingit in terms of a certain short exact sequence and discussing some examples. Finally, in Section 5we briefly discuss the Killing spinor equations of four-dimensional supergravity and present someexplicit examples, mentioning along the way some open mathematical problems.
2. LOCAL BOSONIC SUPERGRAVITYIn this section we review the local formulation of the generic bosonic sector of four-dimensionalsupergravity, paying special attention to the electromagnetic U-duality group of the theory, whichconsists of electromagnetic duality transformations of the Abelian gauge fields coupled to scalarsand gravity. The local formulation of the bosonic sector of four-dimensional supergravity wasconsidered in detail in references [1–3, 31], where the duality transformations of the local theorywere investigated. The reader is referred to [4, 12, 27, 50] for comprehensive reviews and exhaustivelists of references.Let U be a contractible non-empty oriented and relatively compact open subset of R4 with coor-dinates {xa}, where a = 1, . . . , 4. Fixing non-negative integers ns, nv , the configuration space of thelocal bosonic sector of extended four-dimensional supergravity with ns scalar fields and nv vectorfields is defined as the set of triples (g, φ, A) consisting of:
• A Lorentzian metric g defined on U .
• An Rns -valued function φ : U → Rns defined on U . We denote the components of φ by φi : U → R,with i = 1, . . . ns and fix an oriented open subset V ⊂ Rns containing φ(U). The real functions{
φi
} are the (locally-defined) scalar fields of the theory.
• An Rnv -valued one-form A ∈ Ω1(U,R). When necessary, we will denote the components of A by
AΛ ∈ Ω1(U), with Λ = 1, . . . , nv , which correspond to the local U(1) gauge fields of the theory.We denote by:
F
def.= dA ∈ Ω2(U,Rnv ) ,
the field strength associated to A, whose components will be denoted by FΛ = dAΛ ∈ Ω2(U).
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The local bosonic sector of extended four-dimensional supergravity is defined through the followingaction functional:
Sl[gU , φ, A] def.= ∫
U
{
−RgU +Gij(φ)∂aφi∂aφj +RΛΣ(φ)FΛab ∗ FΣab + IΛΣ(φ)FΛabFΣab} νgU , (1)
where:
• νgU is the Lorentzian volume form associated to g and the given orientation on U .
• G ∈ Γ(T∗V ⊙ T∗V ) is a Riemannian metric on V . We denote by:
G(φ) def.= G ◦ φ : U →Mat(ns,R) ,the composition of G with φ and by Gij (φ) the components of G(φ) in the Cartesian coordinatesof V ⊂ Rns .
• R,I : V → Sym(nv ,R) are smooth functions on V valued in the vector space of nv × nv squaresymmetric matrices with real entries. We denote by:
R(φ) def.= R ◦ φ : U → Sym(nv,R) , I(φ) def.= I ◦ φ : U → Sym(nv,R) ,the compositions of R and I with φ and by IΛΣ(φ), RΛΣ(φ) the entries of the correspondingsymmetric matrices. Furthermore, I is required to be positive definite, a condition which isimposed in order to have a consistent kinetic term for the gauge fields AΛ.
Therefore, the local bosonic sector of supergravity on the oriented open sets (U,V ) is uniquelydetermined by a choice of Riemannian metric G on V and matrix-valued functions I and R asdescribed above. In some cases a scalar potential can occur in (1), but we have set it to zero forsimplicity. The functional Sl can be naturally written as a sum of three pieces:Sl = Sel + Ssl + Svl ,where: Sel [g ] def.= − ∫
U
Rgνg ,
is the Einstein-Hilbert action on U ,
Ssl [g, φ] def.= ∫
U
Gij(φ)∂aφi∂aφj νg ,
is a local non-linear sigma model with target space metric G, and
Svl [g, φ, A] def.= ∫
U
{
RΛΣ(φ)FΛab ∗ FΣab + IΛΣ(φ)FΛabFΣab} νg ,
is a local Abelian Yang-Mills theory coupled to the scalars {φi}
i=1,...,ns .
Remark 2.1. In standard supergravity terminology, Sel defines the gravity sector of the theory, Ssldefines the scalar sector of the theory and Svl defines the gauge sector of the theory.The matrix I generalizes the inverse of the squared coupling constant appearing in ordinary four-dimensional gauge theories, whereas R generalizes the theta angle of quantum chromodynamics.All together, the generic bosonic sector of extended supergravity couples Einstein-Hilbert’s actionto a non-linear sigma model with Riemannian target space (V,G) and to a given number of Abelian
gauge fields. In supergravity terminology, the Riemannian manifold (V,G) is called the scalar
manifold of the theory and G its scalar metric.
Definition 2.2. We define a local electromagnetic structure on V to be a pair (R,I), where both
R and I are nv×nv matrix-valued functions on V with I positive-definite. We will denote by EV theset of all electromagnetic structures on V . We define a local scalar-electromagnetic structure on
V to be a triple (G,R,I), where G is a Riemannian metric on V and (R,I) is an electromagneticstructure. We will refer to the local supergravity with scalar metric G and gauge couplings (R,I)simply as the local supergravity associated to (G,R,I).
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Supersymmetry constrains the local isometry type of the Riemannian manifold (V,G) that canbe considered as the target space of the non-linear sigma model of a given supergravity theory.Depending on the amountN of supersymmetry preserved, the local isometry type of (V,G) is givenas follows [2]:
Number of supersymmetries Isometry type of (V,G) Dimension
N = 1 MKH 2nc
N = 2 MPSK ×MQK 2nv + 4nH
N = 3 SU(3, n)/S(U(3)×U(n)) 6nv
N = 4 SU(1, 1)/U(1)× SO(6, n)/S(O(6)×O(n)) 6nv + 2
N = 5 SU(1, 5)/S(U(1)×U(5)) 10
N = 6 SO∗(12)/U(1)× SU(6) 30
N = 8 E7(7)/(SU(8)/Z2) 70
Table 1: Isometry type of the scalar manifolds of four-dimensional supergravity, depending on theamountN of supersymmetry of the theory. The symbol nc denotes the number of chiral multiplets,
nv denotes the number of vector multiplets and nH denotes the number of hypermultiplets.
Remark 2.3. The case N = 7 does not appear in the previous list because N = 7 supergravity canbe shown to always admit an additional supersymmetry which automatically makes it into N = 8supergravity [11].The symbolMKH denotes a Kähler-Hodge manifold, or more precisely a complexmanifold equippedwith a chiral triple [14], whereas MPSK and MQK respectively denote a projective special Kählermanifold and a Quaternionic-Kähler manifold. For N > 2, the scalar manifolds appearing in theprevious table are all simply connected and non-compact symmetric manifolds equipped with acertain Riemannian metric. All of them are diffeomorphic to Rk for an appropriate k. In theN = 8case, E7(7) denotes the maximally non-compact real form of the complex exceptional Lie group E7and SU(8)/Z2 ⊂ E7(7) is its maximal compact subgroup.
2.1. Equations of motion. Let Ggab def.= Rgab− 12gabRg denote the Einstein tensor associated to g . Theequations of motion that follow from the action functional (1) for a given local scalar-electromagneticstructure (G,R,I) are the following:
• The Einstein equations:
Ggab = Gij (φ)∂aφi∂bφj − 12gabGij(φ)∂cφi∂cφj + 2IΛΣ(φ)FΛacFΣcb − 12gabIΛΣ(φ)FΛcdFΣcd . (2)
• The scalar equations:
∇ga(Gik(φ)∂aφi) = 12∂kGij (φ)∂aφi∂aφj + 12∂kRΛΣ(φ)FΛab ∗ FΣab + 12∂kIΛΣ(φ)FΛabFΣab . (3)
• The Maxwell equations:
∇ga(RΛΣ(φ) ∗ FΣab + IΛΣ(φ)FΣab) = 0 . (4)
The variables of the supergravity equations consist on Lorentzian metrics g on U , ns scalars {φi}and nv closed two-forms {FΛ}. Conditions dFΛ = 0, Λ = 1, . . . , nv , are known as the Bianchi
identities, and ensure that F = dA for a vector valued one-form A on U . It can be easily seen thatthe Maxwell equations are equivalent to:d(RΛΣ(φ)FΣ) = d(IΛΣ(φ) ∗ FΣ) .Define now the two-forms:
GΛ(φ) def.= RΛΣ(φ)FΣ − IΛΣ(φ) ∗ FΣ ∈ Ω2(U) , Λ = 1, . . . ,n .For ease of notation, we will sometimes drop the explicit dependence of GΛ(φ) on φ. Then, theBianchi identities and Maxwell equations (4) are given by:dFΣ = 0 , dGΛ = 0 , Λ = 1, . . . ,n
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which in turn can be equivalently written simply as:
dV(φ) = 0 ,
where V(φ) ∈ Ω2(U,R2n) denotes the following vector of two-forms:
V(φ) = ( F
G(φ)
)
∈ Ω2(U,R2nv ) .
The following important lemma follows by direct computation.
Lemma 2.4. Let (R,I) be a local electromagnetic structure. A vector-valued two-form V ∈Ω2(U,R2nv ) can be written as:
V = ( F
G(φ)
)
,
for F ∈ Ω2(U,Rnv ) and G(φ) = R(φ)F − I(φ) ∗ F if and only if:
∗V = −J(φ)(V) , (5)
where J : V → Gl(2nv ,R) is matrix-valued map defined as follows
J = ( −I−1R I−1
−I−RI−1R RI−1
) : V → Gl(2nv ,R) ,
and J(φ) def.= J ◦ φ : U → Gl(2nv ,R). In particular, we have J2 = −1.
Remark 2.5. The matrix-valued map J : V → Gl(2nv ,R) can be understood as an almost complexstructure on the trivial vector bundle of rank 2nv over V .Equation (5) is known in the literature as the twisted self-duality condition for the field strength
V ∈ Ω2(U,R2nv ). The following proposition gives the geometric interpretation of condition (8),which in turn unveils the global geometric interpretation of the twisted self-duality condition, as wewill see in Section 3. For future reference, we define the standard symplectic form of R2n to havethe matrix representation:
ω = (0 −IdId 0
) (6)
in the canonical basis of R2nv . If we denote the canonical basis of R2nv by E = (e1, . . . , env , f1, . . . , fnv ),where (e1, . . . , env ) denotes the first half of basis elements and (f1, . . . , fnv ) denotes the second halfof basis elements, we have:
ω
def.= ∑
a
f∗a ∧ e
∗
a , a = 1, . . . , nv , (7)
where E∗ = (e∗1, . . . , e∗nv , f∗1 , . . . , f∗nv ) is the basis dual to E = (e1, . . . , env , f1, . . . , fnv ).
Proposition 2.6. Let ω be the standard symplectic form on R2n. A matrix-valued map J : V →Aut(R2n) can be written as:
J = ( −I−1R I−1
−I −RI−1R RI−1
) : V → Aut(R2n) (8)
for a local electromagnetic structure (R,I) if and only if J|p is a compatible taming of ω for
every p ∈ V .
Remark 2.7. We recall that an almost complex structure J on R2nv is said to be a compatible tamingof ω if:
ω(Jξ1, Jξ2) = ω(ξ1, ξ2) , ∀ ξ1, ξ2 ∈ R2nv ,and:
ω(ξ, Jξ) > 0 , ∀ ξ ∈ R2nv\ {0} .In the following we shall always consider R2nv to be endowed with the symplectic form ω as intro-duced above.
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Proof. If J is taken as in equation (8) for a certain local electromagnetic structure (R,I) then adirect computation shows that it is a compatible taming of ω. Conversely, assume that J is analmost complex structure on R2nv taming ω at every point in V (we omit the evaluation at a pointfor ease of notation). Let E = (e1, . . . , env , f1, . . . , fnv ) the canonical basis of R2n , which is symplecticwith respect to ω. The vectors Ef = (f1, . . . , fnv ) form a basis of the complex vector space (R2n,J),and there exists a unique mapN : V →Mat(n,C) valued in the complex n×n square matrices andsatisfying:
ea =∑
b
Nab fb , a, b = 1, . . . , nv . (9)
Then:
ω(ea, fb) =∑
c
ω(Nac fc, fb) =∑
c
Im(N)acω(Jfc, fa) = −δab ,
which implies that Im(N) is a symmetric and positive definite n × n real matrix. Moreover, usingthe previous equation and the compatibility of J with ω, we compute:0 = ω(ea, eb) = Re(N)ab + Im(N)acω(J(eb), fc) = Re(N)ab − Re(N)ba ,whenceN : V →Mat(nv,C) is valued in the symmetric complex square matrices of positive-definiteimaginary part. Hence, setting:
R
def.= −Re(N) , I def.= Im(N) ,we obtain a well-defined local electromagnetic structure (R,I). Using again equation (9) to computethe action of J on the basis E we obtain:
J(ea) = −RabI−1bc ec −RabI−1bcRcd fd − Iad fd , J(fa) = I−1ab eb + I−1abRbc fc ,which is equivalent to (8). 
Remark 2.8. The map N : V → Mat(nv ,C) constructed in the proof of the previous proposition iscalled the period matrix in the literature and can be used to obtain a convenient local formulationof bosonic supergravity, as we will explain in Section 2.3.
For future convenience we introduce the following definition.
Definition 2.9. A taming map J on V is a smooth map J : V → Aut(R2nv ) such that J|p is an almostcomplex structure on R2nv which compatibly tames ω, where the latter is the standard symplecticstructure on R2nv as defined in (7) in terms of the canonical basis of R2nv . We will denote the spaceof all taming maps by JV (R2nv , ω).
Proposition 2.10. There is a one-to-one correspondence between taming maps J : V → Aut(R2nv )
and local electromagnetic structures (R,I), i.e. there exists a canonical bijection:
γ : EV → JV (R2nv , ω) , (R,I) 7Ï J = ( −I−1R I−1−I−RI−1R RI−1
)
.
Proof. The statement follows directly from the proof of proposition 2.6. The inverse:
γ−1 : JV (R2nv , ω)→ EV ,maps a taming map J : ∈ JV (R2nv , ω) to the electromagnetic structure γ−1(J) = (R,I) given by:
R
def.= −Re(N) , I def.= Im(N) ,where N is the complex matrix uniquely defined by ea = ∑bNabfb in terms of the canonicalsymplectic basis E = (e1, . . . , env , f1, . . . , fnv ) of (R2nv ,ω). By the previous proposition, an electromagnetic structure can be equivalently described in termsof a taming map J and a local scalar-electromagnetic structure can be denoted simply by pair(G,J). This description of local electromagnetic structures is particularly convenient for the globalgeometric formulation of bosonic supergravity, as we discuss in section 3.The gauge fields {AΛ} integrating {GΛ} are usually referred to as the electric gauge fields,whereas the one-forms {AΛ} integrating {FΛ} are usually referred as their dual magnetic gauge
fields.
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Definition 2.11. A vector-valued one-form A ∈ Ω1(U,R2nv ) is said to be twisted selfdual if:
∗V = −J(φ)(V) ,where V = dA.
The global geometric interpretation of the local gauge fields (AΛ, AΛ) and their role in the for-mulation of supergravity is investigated in [47] through the implementation of Dirac quantization.Since we will not consider Dirac quantization in this review, we will consider instead the classicalconfiguration space of local bosonic supergravity.
Definition 2.12. The classical configuration space Conf(G,J) of the local bosonic supergravityon U associated to (G,J), where G is a Riemannian metric on V and J is a taming map on V , isdefined as the following set:
ConfU (G,J) def.= {(g, φ,V) | g ∈ Lor(U) , φ ∈ C∞(U,V ) , V ∈ Ω2+(U,R2nv )} .The solution space SolU (G,J) of the local bosonic supergravity associated to (G,J) is the subset ofConfU (G,J) whose elements satisfy the equations of motion of bosonic supergravity.
Definition 2.13. Let (G,R,I) be a scalar-electromagnetic structure. The scalar energy momen-
tum tensor associated to (G,R,I) is the following map:
T(G) : ConfU (G,R,I)→ Γ(T∗V ⊙ T∗V ) ,(g, φ,V) 7Ï Gij(φ)dφi ⊙ dφj − 12gGij (φ)∂cφi∂cφj .The gauge energy momentum tensor associated to (G,R,I) is the following map:
T(R,I) =T(J) : ConfU (G,R,I)→ Γ(T∗V ⊙ T∗V ) ,(g, φ,V) 7Ï 2IΛΣ(φ)FΛacFΣcb dxa ⊙ dxb − 12gIΛΣ(φ)FΛcdFΣcd .The sum:
T(G,R,I) def.= T(G) +T(R,I) : ConfU (G,R,I)→ Γ(T∗V ⊙ T∗V ) ,is the energy momentum tensor of the local supergravity associated to (G,R,I).
Remark 2.14. The Einstein equations of the local bosonic supergravity associated to (G,J) can bewritten in terms of the energy momentum tensor simply as:Gg =T(G,J)(g, φ,V) ,for (g, φ,V) ∈ ConfU (G,J).The gauge energy momentum tensor admits a convenient formulation in terms of the tamingassociated to (R,I).
Lemma 2.15. The following formula holds:
T(J)(g, φ,V) = ω(Vac,JV cb ) dxa ⊙ dxb ,
for every (g, φ,V) ∈ ConfU (G,R,I), where J = γ(R,I).
Proof. Write V = (F,G(φ))t . We compute:
ω(Vac,JV cb ) = F tac(I+RI−1R)F cb +GtacI−1G cb − 2F tacRI−1G cb = F tacIF cb + ∗F tacI ∗ F cb .Using the relation:
∗F tacI ∗ F
c
b = F tacIF cb − 12F tabIFab ,we conclude. 
Since the Maxwell equations reduce simply to the condition dV = 0, every solution V is locallyintegrable and thus we can write:
V = (FΛ
GΛ
) = (dAΛdAΛ
)
, Λ = 1, . . . ,nv . (10)
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2.2. Duality transformations of the local equations. A precise understanding of the group ofduality transformations of the local equations is crucial to construct the global geometric formulationof bosonic extended supergravity. By duality transformations we refer here to symmetries of thelocal supergravity equations which do not involve diffeomorphisms of U , that is, symmetries that
cover the identity on U . We are especially interested in global symmetries of the equations of motionthat may not preserve the action functional (1). These symmetries extend to supergravity the well-known electromagnetic duality transformations occurring in standard electromagnetism [18, 19]and are a key ingredient of bosonic supergravity in four Lorentzian dimensions and its connectionto string theory. Denote by Sp(2nv ,R) ⊂ Aut(R2nv ) the group of automorphisms preserving thestandard symplectic form ω and by Diff(V ) the group of diffeomorphisms of V preserving its fixedorientation. In order to characterize the duality transformations of local bosonic supergravity werecall first that the group Diff(V )×Sp(2nv ,R) has a natural action A on Lor(U)×C∞(U,V )×Ω2(U,R2nv )given by:
A : Diff(V )× Sp(2nv ,R)× Lor(U)×C∞(U,V )×Ω2(U,R2nv )→ Lor(U)×C∞(U,V )×Ω2(U,R2nv ) ,(f,A,g, φ,V) 7Ï (g, f ◦ φ,AV) . (11)For every (f,A) ∈ Diff(V )× Sp(2nv ,R) we define:
Af ,A : Lor(U)×C∞(U,V )×Ω2(U,R2nv )→ Lor(U)×C∞(U,V )×Ω2(U,R2nv ) , (g, φ,V) 7Ï (g, f ◦φ,AV) .This action does not preserve the configuration space ConfU (G,J) of a given local supergravityassociated to the local electromagnetic structure (G,J). There is however an important subgroupof Diff(V ) × Sp(2nv ,R), the so-called U-duality group, which does preserve both the configurationand solution spaces of the given supergravity. In order to characterize it we recall first the naturalleft-action of the group Diff(V )× Sp(2nv ,R) on the set of taming maps, given by:
J 7Ï A (J ◦ f−1)A−1 ,for every (f,A) ∈ Diff(V )× Sp(2nv ,R) and every taming map J : V → Aut(R2nv ).
Lemma 2.16. The total energy momentum tensor of local bosonic supergravity satisfies:
T(f∗G,JfA)(gˆ , φˆ, Vˆ) =T(G,J)(g, φ,V) ,
where (gˆ , φˆ, Vˆ) = (g, f ◦ φ,AV) for (f,A) ∈ Diff(V )× Sp(2nv ,R).
Proof. We compute:
Gˆij(φˆ)∂aφˆi∂bφˆj = Gˆij(f ◦ φ)∂a(f ◦ φ)i∂b(f ◦ φ)j = Gˆij(f ◦ φ)∂kf i∂lf j ∂aφk∂bφl = Gij(φ)∂aφk∂bφl ,where we have used that:
Gˆij = (f∗G)ij = Gkl ◦ f−1 ∂i(f−1)k∂j (f−1)l .This proves the statement for the scalar energy momentum tensor, that is:
T(f∗G)(gˆ , φˆ, Vˆ) =T(G)(g, φ,V) .The statement for the gauge energy momentum tensor follows directly from Lemma 2.15, whichimplies:
T(Jf
A
)(gˆ , φˆ, Vˆ) =T(G)(g, φ,V) ,and hence we conclude. 
Theorem 2.17. For every (f,A) ∈ Diff(V ) × Sp(2nv ,R), the map Af ,A induces by restriction a
bijection:
Af ,A : ConfU (G,J)→ ConfU (f∗G,JfA) ,
such that it further restricts to a bijection of the corresponding spaces of solutions:
Af ,A : SolU (G,J)→ SolU (f∗G,JfA) ,
where f∗G is the push-forward of G by f : V → V and JfA def.= A (J ◦ f−1)A−1
Remark 2.18. If we consider a pair (f,U) ∈ Diff(V ) × Aut(R2nv ), with A not necessarily preserving
ω, then JfA is not guaranteed to be a taming map for the fixed standard symplectic structure ω, acondition which is necessary for Jf
A
to define a local electromagnetic structure. The group Diff(V )×Aut(R2nv ) was discussed in [41] as the group of pseudo-dualities of four-dimensional supergravity.
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Proof. We compute:
J(φ)V = −∗g V ⇔ (J ◦ f−1)(f ◦φ)A−1AV = −A−1A ∗g V ⇔ A (J ◦ f−1)(f ◦φ)A−1AV = − ∗g (AV) ,which is equivalent to Jf
A
(f ◦ φ)AV = − ∗g (AV), whence:
Af ,A(g, φ,V) ∈ ConfU (f∗G,JfA) , ∀ (g, φ,V) ∈ ConfU (G,J) .The fact that Af ,A is a bijection is now clear. In order to prove that Af ,A preserves the correspondingspaces of solutions consider (gˆ , φˆ, Vˆ) ∈ ConfU (f∗G,JfA) such that:(gˆ , φˆ, Vˆ) = (g, f ◦ φ,AV) ,for (f,A) ∈ Diff(V,G)× Sp(2nv ,R) and (g, φ,V) ∈ SolU (G,J). Write now:
A = (a b
c d
)
,
in terms of nv × nv blocks and:
Vˆ = ( Fˆ
Gˆ(φˆ)
)
, V = ( F
G(φ)
)
.
In particular Fˆ = aF + bG(φ). The fact that the solution spaces of the Einstein equations arepreserved by (f,A) follows directly from Lemma 2.16, since it implies:Gg =T(f∗G,JfA)(gˆ , φˆ, Vˆ) =T(G,J)(g, φ,V) ,We consider now the scalar equations (3), which we evaluate on (gˆ , φˆ, Vˆ) and rewrite for convenienceas follows:
∇g,Gˆ(φˆ)a ∂aφˆi + Gˆik(φˆ)2 (∂kRˆΛΣ(φˆ)FˆΛab ∗ FˆΣab + ∂kIˆΛΣ(φˆ)FˆΛabFˆΣab) = 0 ,where ∇g,Gˆ(φˆ) is the product connection of the Levi-Civita connection of g and the Levi-Civitaconnection of Gˆ(φˆ). Using the equivariance properties of the Levi-Civita connection under metricpull-back we obtain:
∇g,Gˆ(φˆ)a ∂aφˆi = ∂kf i∇g,G(φ)a ∂aφk .On the other hand, a tedious calculation shows that:
Gˆik(φˆ)2 (∂kRˆΛΣ(φˆ)FˆΛab ∗ FˆΣab + ∂kIˆΛΣ(φˆ)FˆΛabFˆΣab)= Gˆik(φˆ)2 ω(Vˆ, ∂kJˆ(φˆ)Vˆ) = ∂lf i Glk(φ)4 ω(V, ∂kJ(φ)V) ,whence (f,G) maps solutions of the scalar equations to solutions of the scalar equations. Finally,the solution spaces of the Maxwell equations (4) are also clearly preserved since:dVˆ = d(AV) = AdV ,Therefore, (gˆ , φˆ, Vˆ) ∈ SolU (G,J) if and only if (g, φ,V) ∈ SolU (G,J). The previous theorem can be used to characterize which elements (f,U) ∈ Diff(V ) × Sp(2nv ,R)define through the action A symmetries of a the local supergravity associated to a given localscalar-electromagnetic structure (G,J). Denote in the following by Iso(V,G) the isometry group of
G.
Corollary 2.19. Let (f,A) ∈ Diff(V )× Sp(2nv ,R) such that f ∈ Iso(V,G) and:
J
f
A
= A (J ◦ f−1)A−1 = J . (12)
Then Af ,A : ConfU (G,J)→ ConfU (G,J) is a bijection of the configuration space of the supergravity
defined by the scalar-electromagnetic structure (G,J). In particular, Af ,A preserves the solution
space SolU (G,J), that is, it maps solutions to solutions.A pair (f,A) ∈ Iso(V,G)×Sp(2nv ,R) satisfying equation (12) will be called a duality transformation.It is easy to see that two duality transformations (f1,U1) and (f2,U2) can be composed in the naturalway: (f1,A1) ◦ (f2,A2) = (f1 ◦ f2,A1 ◦ A2) ,whence the set of all duality transformation of the local bosonic supergravity associated to (G,J),which we denote by U(G,J), becomes naturally a group.
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Definition 2.20. The electromagnetic U-duality group, or U-duality group for short, of the localbosonic supergravity associated to (G,J) is given by:
U(G,J) def.= {(f,A) ∈ Iso(V,G)× Sp(2nv ,R) | AJA−1 = J ◦ f} . (13)
Remark 2.21. By corollary 2.19, for every element (f,A) ∈ U(G,J), the map Af ,A : ConfU (G,J) →ConfU (G,J) restricts to a bijection Af ,A : SolU (G,J)→ SolU (G,J).Denote by StabSp(J) ⊂ Sp(2nv ,R) the subgroup of Sp(2nv ,R) preserving the given taming map J,that is: StabSp(J) def.= {A ∈ Sp(2nv ,R) | AJA−1 = J} .Then, for every electromagnetic structure (G,J) we have the following short exact sequence:1→ StabSp(J)→ U(G,J)→ Isopr(V,G)→ 1 , (14)where StabSp(J) embeds in U(G,J) through the map A 7Ï (Id,A) and Isopr(V,G) ⊂ Iso(V,G) isthe subgroup of the isometry group of (V,G) that is obtained by projecting U(G,J) onto its firstcomponent in the presentation (13). On the other hand, by definition we have a canonical surjectivemap: U(G,J)→ Sppr(2nv ,R) ⊂ Sp(2nv ,R) , (f,A) 7Ï A ,fitting in the following short exact sequence:1→ StabIso(J)→ U(G,J)→ Sppr(2nv ,R)→ 1 , (15)where: StabIso(J) def.= {f ∈ Iso(V,G) | J ◦ f = J} ,is the stabilizer of J in Iso(V,G) and Sppr(2nv ,R) the subgroup of Sp(2nv ,R) that is obtained byprojecting U(G,J) onto its second component in the presentation (13). All together, we obtain thefollowing proposition.
Proposition 2.22. The electromagnetic U-duality group U(G,J) of the local supergravity theory
associated to the electromagnetic structure (G,J) canonically fits into the short exact sequences(14) and (15).The short exact sequences (14) and (15) are very useful to compute the electromagnetic U-dualitygroup of a given local bosonic supergravity. In particular, we obtain the following corollary.
Corollary 2.23. If StabSp(J) = Id then U(G,J) = Isopr(V,G) ⊂ Iso(V,G) canonically becomes a
subgroup of the isometry group of the scalar manifold (V,G). If StabIso(J) = Id is trivial then (15)
yields a canonical embedding U(G,J) Ï֒ Sp(2nv ,R) in the symplectic group Sp(2nv ,R). If bothStabSp(J) = Id and StabIso(J) = Id then the U-duality group U(G,J) is canonically isomorphic toIso(V,G) and embedded in Sp(2nv ,R).The previous corollary puts on firm grounds the validity of a folklore statement made in the liter-ature which states that the U-duality group consists of a copy of the isometry group of the scalar
manifold into the symplectic group. Before presenting some examples it is useful to formulatelocal bosonic supergravity in terms of the period matrix map.
2.3. The period matrix map. For computational purposes it is convenient to develop a local for-mulation of the theory in terms of complexified field strength and couplings, a formulation whichgives rise to the concept of period matrix (whose name will be justified in a moment). We definethe complexified field strengths:
F+ def.= F − i ∗ F , F− def.= F + i ∗ F ,in terms of which the gauge sector of the theory (associated to a given electromagnetic structure(R,I)) is conveniently written, using matrix notation, as follows:
Svl [gU , φ, A] def.= i4
∫
U
{
F+TNF+ − F−TN∗F−} νgU ,
where we have defined the period matrix map:
N
def.= R + iI : V →Mat(nv,C) .
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Since (R,I) is a local electromagnetic structure, the map N is in fact a function on V valued inSiegel upper space SH(nv) ⊂ Mat(nv ,C) of square nv × nv complex matrices with positive definiteimaginary part. For ease of notation, we define:
N(φ) = R(φ) + iI(φ) def.= N ◦ φ : U → SH(nv ) ,to which we will refer as the scalar period matrix map.
Remark 2.24. The term period matrix is motivated by the role played by N when the bosonicsupergravity theory under consideration corresponds to the effective theory of a Type-IIB compact-ification on a Calabi-Yau three-fold X. In such situation,N establishes linear relations between theperiods on the moduli space of complex structures of X with respect to a symplectic basis of thethird homology group of X [27].The twisted self-duality condition can be described in a very natural manner by introducing com-plexified field strengths. Recall that the complexification of the vector space of real vector-valuedtwo-forms Ω2(U,R2nv ) is given by Ω2(U,C2nv ), the vector space of two-forms taking values in thecomplex vector space C2nv . We define:
G±
def.= 12(G ∓ i ∗G) ∈ Ω2(U,Cnv ) , V± def.= 12(V∓ i ∗ V) ∈ Ω2(U,C2nv ) .Note that we have:
∗F± = ±iF± .
Proposition 2.25. A vector-valued two-form V ∈ Ω2(U,R2nv ) is twisted self-dual with respect to
a taming map:
J = ( −I−1R I−1
−I−RI−1R RI−1
) : V → Aut(R2nv ) ,
if and only if:
V+ = ( F+
N∗(φ)F+
) (16)
for a complex self-dual two-form F+ = 12 (F − i ∗ F ), where N = R + iI : V → SH(nv).
Proof. By Lemma 2.4, V is twisted self-dual with respect to J if and only if:
V = ( F
RF − I ∗ F
)
,
for F ∈ Ω2(U,Rnv ). This equation can be easily shown to be equivalent to:
V+ = ( F+
N∗(φ)F+
) (17)
by computing V+ = 12 (V− i ∗ V). With these provisos in mind, we obtain:
G+ =N∗(φ)F+ , G− =N(φ)F− , V+ = (F+,N∗F+)T ,conditions which are equivalent with:
V = 12(V+ +V−) ,being twisted self-dual with respect to the corresponding J.
Remark 2.26. Since a period matrixN is equivalent to the data (R,I), which in turn is equivalent toits associated taming map J, we will sometimes denote the electromagnetic structure (R,I) simplyby N.Due to the fact that the period matrixN takes values in the Siegel upper space, the real symplecticgroup Sp(2nv ,R) acts on N through the natural left action of Sp(2nv ,R) on SH(nv) via fractional
transformations. Recall that the fractional transformation of τ ∈ SH(nv ) by a matrix A ∈ Sp(2nv ,R)is, by definition, given by:
A · τ = c + dτ
a + bτ def.= (c + dτ)(a+ bτ)−1 , τ ∈ SH(nv) ,
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where we wrote A in nv × nv blocks as follows:
A = (a b
c d
)
.
This is the natural generalization of the action of Sl(2,R) on the upper-half plane. Hence, a symplecticmatrix A ∈ Sp(2n,R) acts point-wise on the matrix period N(φ) : U → SH(nv):
A · N(φ) = c + dN(φ)
a + bN(φ) .
Remark 2.27. More generally, Diff(V ) × Sp(2nv ,R) has a natural left action on the set of periodmatrix maps as follows:
N 7Ï A · N ◦ f−1 ,for every (f,A) ∈ Diff(V )× Sp(2nv ,R) and every period matrix map N : V → SH(nv).Since a period matrix map N : V → SH)(nv ) is equivalent to a taming map J : V → SH(nv) we candescribe the electromagnetic U-duality group defined in 2.20 in terms of a period matrix map. Forthis, we recall first that, as an immediate consequence of Proposition 2.10, there exists a bijection:
µ : JV (R2nv ,ω)→ C∞(V, SH(nv )) ,which, to every compatible taming J ∈ JV (R2nv ,ω) assigns the following period matrix:
µ(J) = R + iI : V → SH(nv ) ,where γ−1(R,I) = J is the electromagnetic structure associated to J by means of the bijection γ.The inverse of µ maps every period matrix τ = Re(τ) + iIm(τ) : V → SH(nv ) to the taming definedexplicitly by equation (8) by identifying R = Re(τ) and I = Im(τ). The following lemma followsafter a long explicit computation using equation (8).
Lemma 2.28. The map µ : JV (R2nv ,ω)→ C∞(V, SH(nv )) is equivariant with respect to the natural
action of Diff(V )× Sp(2nv ,R on JV (R2nv ,ω) and C∞(V, SH(nv), respectively. That is, the following
relation holds:
µ(Jf
A
) = A · µ(J) ◦ f−1 ,
for every (f,A) ∈ Diff(V )× Sp(2nv ,R).
Proposition 2.29. Let J be a taming map and set N
def.= µ(J). The electromagnetic U-duality
group U(G,J) of the local bosonic supergravity associated to U(G,J) is canonically isomorphic
to: U(G,N) def.= {(f,A) ∈ Iso(V,G)× Sp(2nv ,R) | A · N =N ◦ f} , (18)
through the identity map U(G,J) ∋ (f,A) 7Ï (f,A).
Proof. It is enough to note that (f,A) ∈ Diff(V ) × Sp(2nv ,R) satisfies JfA = J if and only if µ(JfA) =
µ(J), which in turn is equivalent to:
A · µ(J) = µ(J) ◦ f ,by Lemma 2.28. 
Remark 2.30. Equation (18), which defines the duality group in terms of the period matrix N, canbe alternatively obtained as follows, which is the way in which this group is usually described in theliterature. Consider: (gˆ , φˆ, Vˆ) = (g, f ◦ φ,AV) ,for (f,A) ∈ Diff(V,G)× Sp(2nv ,R) and (g, φ,V) ∈ SolU (G,J). Write:
A = (a b
c d
)
.
By Proposition 2.25, we have V+ = (F+,N∗(φ)F+) but in general for an arbitrary (f,A) there willexist no period matrix Nˆ : V → SH(nv ) such that Vˆ+ = (Fˆ+, Nˆ∗(φˆ)Fˆ+). Imposing that such periodmatrix Nˆ exists we obtain:
Nˆ = A · N ◦ f−1 ,and the condition appearing in (18) follows now by imposing Nˆ =N.
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Using the previous canonical identification between U(G,N) and U(G,J) we obtain short exactsequences for U(G,N) analogous to (14) and (15), namely:1→ StabSp(N)→ U(G,N)→ Isopr(V,G)→ 1 ,1→ StabIso(N)→ U(G,N)→ Sppr(2nv ,R)→ 1 , (19)where:
StabSp(N) def.= {A ∈ Sp(2nv ,R) | A · N =N} , StabIso(N) def.= {f ∈ Iso(V,G) | N ◦ f =N}We consider now several examples of importance in supergravity, which are more convenientlystudied using the period matrix map rather than the taming map.
Example 2.31. Assume that N ∈ SH(nv ) is a constant matrix. Then:
N ◦ f = A · N ,for every f ∈ Iso(V,G) and A ∈ Stab(N) ⊂ Sp(2nv ,R). Since the action of Sp(2nv ,R) on SH(nv ) istransitive with stabilizer isomorphic to the unitary group U(nv) ⊂ Sp(2nv ,R) and N is assumed tobe constant, the conjugacy class of the stabilizer ofN in Sp(2nv ,R) is independent ofN. Therefore:U(G,N) ≃ Iso(V,G)× U(nv) ,is by Proposition 2.22 the corresponding U-duality group.
Example 2.32. Set nv = 1. We have SH(1) = H. Furthermore, assume V = H equipped with itsPoincaré metric G. Take N : H→ H to be the identity map, that is, N(τ) = τ where τ is the globalcoordinate on H. Notice that this particular period matrix occurs in pure N = 4 four-dimensionalsupergravity [9]. We have Iso(H,G) = PSl(2,R) acting on H through fractional transformations.Hence:
N ◦ f(τ) = f · τ = f · N(τ) = fˆ · N(τ) , ∀ f ∈ Iso(H,G) ,where fˆ ∈ Sl(2,R) denotes any lift of f ∈ PSl(2,R) to Sl(2,R). This implies that Isopr(M,G) =Iso(M,G). On the other hand, a direct computation shows that:StabSp(N) = Z2 = {Id,−Id} ⊂ Sl(2,R) .Therefore, by Proposition 2.22 we have the following short exact sequence:1→ Z2 → U(G,N)→ PSl(2,R)→ 1 , (20)which yields a central extension of U(G,N). Using now the fact that StabIso(N) = Id we concludethat the electromagnetic U-duality group is U(G,N) = Sl(2,R) and (20) is indeed a non-trivial centralextension of the isometry group of the scalar manifold.
Example 2.33. Take nv = 2 and set V = H equipped with its Poincaré metric G. Consider the periodmatrixN : H→ SH(2) defined as follows:
N(τ) = (τ 00 − 1τ
)
,
where τ is the global coordinate on H. Clearly N is symmetric. Furthermore, its imaginary partis positive definite:
ImN(τ) = (Im(τ) 00 Im(τ)
|τ|2
)
,
whence N is a well-defined period matrix. In fact, N is the period matrix occurring in the axio-
dilaton model of N = 2 supergravity, see for example [33, Section 2] for more details. It is unam-biguously fixed by supersymmetry and in particular by the projective special Kähler structure ofthe scalar manifold of the theory. As in the previous example, we have:Iso(V,G) = PSl(2,R) ,acting through fractional transformations. Let A ∈ Sp(4nv ,R). A quick computation shows that:
U · N =N ,if and only if:
U = (u,u) ∈ SO(2)× SO(2) Ï֒ Sp(4,R) ,
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where the embedding is diagonal. Hence: StabSp(N) = U(1) diagonally embedded in Sp(4,R). Onother hand, it can be seen that Isopr(H,G) = PSl(2,R) and hence, the electromagnetic U-dualitygroup fits into the following short exact sequence:
1→ U(1)→ U(G,N)→ PSl(2,R)→ 1 ,
by Proposition 2.22. Moreover, it can be easily verified that StabIso(N) = Id. Hence, the U-dualitygroup is canonically embedded as U(G,N) = Sppr(4,R) Ï֒ Sp(2nv ,R), which provides an explicitrealization of the electromagnetic U-duality group in Sp(4,R).
Example 2.34. Take nv = 2 and set V = H equipped with its Poincaré metric G. Consider the periodmatrixN : H→ SH(2) defined as follows:
N(τ) = ( τ22 (τ + 3τ∗) − 32τ(τ + τ∗)
− 32τ(τ + τ∗) 3(τ + τ∗) + 32 (τ − τ∗)
)
,
where τ is the global coordinate on H. ClearlyN is symmetric. Its imaginary part can be computedto be: ImN(τ) = (Im(τ)3 + 3Re(τ)2Im(τ) −3Re(τ)Im(τ)
−3Re(τ)Im(τ) 3Im(τ)
)
,
It is easy to see that Tr(ImN(τ)) > 0 and det(ImN(τ)) > 0 whence Im(N) is positive definite andN iswell-defined as a period matrix. In fact,N is the period matrix occurring in the t3 model ofN = 2supergravity, see [53, Section 7] for more details, which is a particularly important supergravitymodel in the context of Type-II compactifications on Calabi-Yau three-folds. It is unambiguouslyfixed by supersymmetry and in particular by the projective special Kähler structure of the scalarmanifold of the theory. As in the previous example, we have:
Iso(V,G) = PSl(2,R) ,
acting through fractional transformations on τ. We have N ◦ f = N for f ∈ Iso(V,G) if and onlyif f is the identity, whence StabIso(N) = Id and U(G,N) embeds in Sp(4,R). Let A ∈ Sp(4nv ,R). Atedious computation shows now that:
U · N =N ,if and only if A = Id as well as Isopr(V,G) = Iso(V,G). Therefore, the U-duality group is isomorphicto PSl(2,R) and is canonically embedded in Sp(4,R).
Remark 2.35. Definition 2.20 and Proposition 2.22 should be compared with the characterizationof U-duality groups already existing in the supergravity literature, see for instance [4, 27]. Thegeneral approach considers a fixed embedding of the isometry group in the symplectic group ofthe appropriate dimensions, in such a way that for each isometry of (V,G) there exists a uniquesymplectic transformation satisfying Equation (12) and no isometry leaves the J (or the periodmatrix) invariant. This immediately implies by assumption that StabSp(N) = StabIso = Id and hencesuch U-duality group is simply a copy of the isometry group of (V,G) inside Sp(2nv ,R). This is ingeneral not the case for the U-duality group introduced in Definition 2.20, which therefore differsfrom the one considered in the literature; the latter being of a generally non-trivial extension of theformer. This difference becomes more dramatic when considering the global formulation of thetheory, see Section 4.
3. GEOMETRIC BOSONIC SUPERGRAVITYIn this section we describe the global geometric formulation of the generic bosonic sector ofsupergravity on an oriented four-manifold M , to which we will refer simply as geometric bosonic
supergravity, or geometric supergravity for short, following the terminology introduced in [14]. Thekey points we have considered when constructing geometric bosonic supergravity are the following:
• We have required geometric bosonic supergravity to be defined in terms of global differentialoperators acting on the spaces of sections of the appropriate fiber bundles. This is speciallyimportant to study the global structure of supergravity solutions and the associated moduli spaces.
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• We have required geometric supergravity to implement the electromagnetic U-duality groupsdescribed in Section 2.2, in the sense that it must be possible to understand the theory as being theresult of gluing the local theories introduced in Section 2 by means of a C˘ech one cocycle valued
in the symplectic group Sp(2n,R). This point is specially important for geometric supergravity
to describe supergravity U-folds in a differential-geometric context, as explained in [45], which is
particularly relevant for string theory applications.
Since we are mainly interested in the mathematical structure of the gauge sector of the theory
(which is responsible for the existence of a symplectic duality structure), we will assume for
simplicity that the theory is coupled to a standard non-linear sigma model, instead of the more
general notion of section sigma model considered in [46].
Instead of going through the process of constructing geometric bosonic supergravity we first
present it in its final form and we discuss its most interesting features. A geometric bosonic super-
gravity with metrically trivial section sigma model is determined by the following data [45]:
• An oriented and complete Riemannian manifold (M,G), the so-called scalar manifold of the
theory.
• A triple ∆ def.= (S,ω,D) consisting of a vector bundle S endowed with the symplectic pairing
ω and the flat symplectic connection D. We denote the complexification of ∆ = (S, ω,D) by∆C = (SC, ωC,DC).
• A compatible taming J on (S, ω,D), that is, an almost complex structure on S satisfying:
ω(Js1, Js2) = ω(s1, s2) , Q(s, s) def.= ω(s,Js) ≥ 0 ,
for all s1, s2, s ∈ S, with Q(s, s) = 0 if and only if s = 0. We will denote by Θ def.= (∆, J) a pair
consisting of a flat symplectic vector bundle ∆ equipped with a compatible taming J.
Following the terminology of [45], and given a scalar manifold (M,G), we will refer to ∆ as a duality
structure and to Θ = (∆, J) as an electromagnetic structure. The notion of morphism of duality
structures and electromagnetic structures is the natural one given by a morphism of vector bundle
preserving the relevant data data, see [45] for more details. Finally, we will refer to a scalar manifold(M,G) together with a choice of electromagnetic structure Θ as a scalar-electromagnetic structure
Φ:
Φ
def.
= (M,G,Θ) .
A choice of duality structure∆ together with a scalar manifold (M,G) will be referred to as a scalar-
duality structure, being denoted simply by (M,G,∆). Isomorphism classes of duality structures on
a fixed scalar manifold M are in general not unique and depend on the fundamental group of M.
By the standard theory of flat vector bundles, isomorphism classes of duality structures are in one
to one correspondence with the character variety:
Md
def.
= Hom(π1(M),Sp(2nv ,R))/Sp(2nv ,R) .
Remark 3.1. The fact that character varieties yield in general continuous moduli spaces implies
that one can construct an uncountable infinity of inequivalent geometric bosonic supergravites, all
of which are however locally equivalent.
A duality structure ∆ can be trivial in two generally inequivalent senses. We say that ∆ is sym-
plectically trivial if (S,ω) ∈ ∆ is symplectically trivial, that is, if it admits a global symplectic frame.
On the other hand, we will say that ∆ is holonomy trivial if ∆ is symplectically trivial and the
holonomy of D is in addition trivial. Note that if M is simply connected every duality structure is
symplectically trivial and holonomy trivial.
3.1. Geometric background. Let Φ = (M,G,Θ) be a scalar-electromagnetic structure. Smooth
maps from M to M will be called scalar maps. For every scalar map φ : M → M we use the
superscript φ to denote bundle pull-back by φ. For instance, ∆φ will denote the pull-back of ∆ by
φ, which defines a flat symplectic vector bundle over M , and Θφ will denote the pull-back of Θ by
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φ, respectively. For every Lorentzian metric g on M and scalar map φ we define an isomorphism
of vector bundles:
⋆g,Jφ : ΛT
∗M ⊗ Sφ → ΛT∗M ⊗ Sφ ,
through the following equation:
⋆g,Jφ (α ⊗ s) = ∗gα ⊗ J
φ(s) , α ∈ ΛT∗M , s ∈ Sφ
on homogeneous elements. Since the square of the Hodge operator on two-forms is minus the
identity, we obtain by restriction an involutive isomorphism of vector bundles:
⋆g,Jφ : Λ
2T∗M ⊗ Sφ → Λ2T∗M ⊗ Sφ ,
that is, ⋆2g,Jφ = 1. Hence we can split the bundle of two-forms taking values in Sφ in eigenbundles
of ⋆g,Jφ :
Λ2T∗M ⊗ Sφ = (Λ2T∗M ⊗ Sφ)+ ⊕ (Λ2T∗M ⊗ Sφ)− ,
where the subscript denotes the corresponding eigenvalue. The associated spaces of sections will
be denoted accordingly by:
Ω2(M,Sφ) = Ω2+(M,Sφ)⊕Ω2−(M,Sφ) .
Definition 3.2. Elements of Ω2+(M,Sφ) will be called twisted selfdual two-forms and elements of
Ω2+(M,Sφ) will be called twisted anti-selfdual two-forms.
The flat symplectic connection Dφ ∈ ∆φ defines a canonical exterior covariant derivative for forms
on M taking values in S, which we denote by:
dDφ : Ω
k(M,Sφ)→ Ωk+1(M,Sφ) ,
where k = 0, . . . 4. Since Dφ is flat, the operator dDφ is a coboundary operator on the complex of
forms taking values in Sφ. We denote the associated cohomology groups by Hk(M,∆φ) and the
corresponding total cohomology by H(M,∆φ). Denote by:
G∆(U) def.= {s ∈ Γ(U,Sφ) | Dφs = 0} , U ⊂M ,
the sheaf of smooth flat sections of ∆. This is a locally constant sheaf of symplectic vector spaces
of rank 2nv , whose stalk is isomorphic to the typical fiber of ∆. There exists a natural isomorphism
of graded vector spaces:
H(M,∆φ) ≃ H(M,G∆) ,
where H(M,G∆) denotes the sheaf cohomology of G∆.
Note that the definition of electromagnetic structure Θ = (∆,J) does not require D ∈ ∆ to
be compatible with J; the case when they are non-compatible is in fact crucial for the correct
description of geometric bosonic supergravity. The failure ofD to be compatible with J is measured
by the fundamental form of an electromagnetic structure.
Definition 3.3. Let Φ = (M,G,Θ) be a scalar-electromagnetic structure. The fundamental form
ΨΘ of Θ is the following one-form on M taking values in End(S):
ΨΘ def.= DJ ∈ Ω1(M,End(S)) .
Remark 3.4. It is not hard to check that ΨΘ(X) ∈ Γ(End(S)) is an anti-linear self-adjoint endomor-
phism of the Hermitian vector bundle (S, Q,J).
Definition 3.5. An electromagnetic structure Θ is called unitary if ΨΘ = 0.
To define geometric bosonic supergravity we need to introduce three natural operations on ten-
sors taking values in a vector bundle. These operations depend on the choice of electromagnetic
structure Θ.
Definition 3.6. The twisted exterior pairing (·, ·)g,Qφ is the unique pseudo-Euclidean scalar product
on ΛT∗M ⊗ Sφ satisfying:
(ρ1 ⊗ s1, ρ2 ⊗ s2)g,Qφ = (ρ1, ρ2)gQφ(s1, s2) ,
for any ρ1, ρ2 ∈ Ω(M) and any s1, s2 ∈ Γ(Sφ). Recall that Q(s1, s2) = ω(s1, Js2) and the superscript
denotes pull-back by φ.
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For any vector bundle W over M , we trivially extend the twisted exterior pairing to a W -valued
pairing (which for simplicity we denote by the same symbol) between the bundlesW ⊗ΛT∗M ⊗Sφ
and ΛT∗M ⊗ Sφ:
(w ⊗ η1, η2)g,Qφ def.= w ⊗ (η1, η2)g,Qs , ∀w ∈ Γ(W ) , ∀ η1, η2 ∈ ΛT∗M ⊗ Sφ .
Definition 3.7. The inner g-contraction of (2,0) tensors is the bundle morphism ⊘g : (⊗2T∗M)⊗2 Ï
⊗2T∗M uniquely determined by the condition:
(α1 ⊗ α2)⊘g (α3 ⊗ α4) = (α2, α4)gα1 ⊗ α3 , ∀α1, α2, α3, α4 ∈ T∗M .
We define the inner g-contraction of two-forms to be the restriction of ⊘g to ∧2T∗M ⊗ ∧2T∗M ⊂
(⊗2T∗M)⊗2.
Definition 3.8. We define the twisted inner contraction of Sφ-valued two-forms to be the unique
morphism of vector bundles:
⊘Q : Λ
2T∗M ⊗ Sφ ×M Λ2T∗M ⊗ Sφ Ï ⊗2(T∗M)
satisfying:
(ρ1 ⊗ s1)⊘Q (ρ2 ⊗ s2) = Qφ(s1, s2)ρ1 ⊘g ρ2 ,
for all ρ1, ρ2 ∈ Ω2(M) and all s1, s2 ∈ Γ(Sφ).
3.2. Configuration space and equations of motion. In this section, we define geometric bosonic
supergravity through a system of partial differential equations which yields a non-trivial extension
of local supergravity as described in Section 2. We remark that geometric bosonic supergravity
does not admit in general an action functional, which is consistent with the fact that it implements
U-duality non-trivially and therefore its globally-defined solutions can be viewed as locally geomet-
ric supergravity U-folds. We begin by introducing the configuration space of geometric bosonic
supergravity, which yields the space of variables of its system of partial differential equations.
Definition 3.9. Let Φ be a scalar-electromagnetic structure on an oriented four-manifold M . The
configuration space of geometric bosonic supergravity on (M,Φ) is the set:
Conf(M,Φ)
def.
=
{
(g, φ,V) | g ∈ Lor(M) , φ ∈ C∞(M,M) , V ∈ Ω2+(M,Sφ)} ,
where Lor(M) denotes the space of Lorentzian metrics on M .
Definition 3.10. Let Φ be a scalar-electromagnetic structure on M . The geometric bosonic super-
gravity on M associated to Φ is defined by the following system of partial differential equations:
• The Einstein equations:
Ricg −
g
2
Rg =
g
2
Trg (G
φ)−Gφ + 2V ⊘Q V . (21)
• The scalar equations:
∇dφ =
1
2
(∗V,ΨφV)g,Qφ . (22)
• The Maxwell equations:
dDφV = 0 , (23)
for triples Φ = (g, φ,V) ∈ Conf(M,Φ).
Remark 3.11. The configuration space ConfM (Φ) = ConfM (G,∆,J) of geometric bosonic super-
gravity contains as variables the field strength two-form instead of the appropriate notion of gauge
potential, which should be described globally by an adequate notion of connection. To identify the
geometrically correct notion of gauge potential we have to first Dirac quantize the theory, similarly
to what is done with standard Maxwell theory. In the latter theory, assuming that the field strength
has integral periods allows one to identify the gauge potential as a connection on a certain principal
S1 bundle. The complete Dirac quantization of four-dimensional supergravity and its geometric
interpretation has not been developed in the literature and is currently work in progress [47].
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Remark 3.12. The fact that geometric bosonic supergravity reduces locally to the standard formu-
lation of local bosonic supergravity was proved in [45], to which we refer the reader for further
details.
In the following we will denote by SolM (Φ) = SolM (G,∆,J) ⊂ ConfM (Φ) the solution set of the
geometric bosonic supergravity on M associated to the scalar-electromagnetic structure Φ.
4. THE GLOBAL DUALITY GROUP
In this section we characterize the global duality group of geometric bosonic supergravity for a
fixed scalar electromagnetic structure Φ = (M,G,Θ), which corresponds to the global counterpart
of the electromagnetic U-duality group of the local theory, as discussed in Section 2.2. Given a
duality structure ∆ = (S,ω,D), we denote by Aut(S) the group of unbased automorphisms of the
vector bundle S ∈ ∆. Given u ∈ Aut(S) we will denote by fu : M →M the unique diffeomorphism
covered by u. Moreover, we denote by Aut(∆) the group of unbased automorphisms of S preserving
both ω and D, that is:
Aut(∆)
def.
= {u ∈ Aut(S) | ωu = ω , Du = D} .
Given a duality structure ∆ over M, the group Aut(∆) has a natural left-action on Lor(M) ×
C∞(M,M)×Ω2(S), given by:
A : Aut(∆)× Lor(M)×C∞(M,M)×Ω2(M,S)→ Lor(M)×C∞(M,M)×Ω2(M,S) ,
(u, g, φ,V) 7Ï (g, fu ◦ φ,u · V) ,
which gives the global counterpart of (11). For every u ∈ Aut(∆), we define:
Au : Lor(M)×C
∞(M,M)×Ω2(M,S)→ Lor(M)×C∞(M,M)×Ω2(M,S) , (g, φ,V) 7Ï (g, fu◦φ,u ·V) .
This action does not preserve the configuration space ConfU (G,J) of a given scalar-electromagnetic
structure Φ = (G,J). Instead, we have the following result, which gives the global counterpart of
Theorem 2.17.
Theorem 4.1. [45, Theorem 3.15] For every u ∈ Aut(∆), the map Au defines by restriction a
bijection:
Au : ConfM (G,∆,J) → ConfM (fu∗G,∆,J
u) ,
which induces a bijection between the corresponding spaces of solutions:
Au : SolM (G,∆,J) → SolM (fu∗G,∆,J
u) ,
where fu∗G is the push-forward of G by fu : M→M and Ju is the bundle pullback of J by u.
Remark 4.2. Since elements in Aut(S) may cover non-trivial diffeomorphisms of M, the pull-back
condition appearing above must be dealt with care. More explicitly, define the following action of
Aut(S) on sections of S:
u · s = u ◦ s ◦ f−1u : M → S , u ∈ Aut(S) , s ∈ Γ(S) .
This action defines an isomorphism of real vector spaces u : Γ(S) → Γ(S) for every element u ∈
Aut(S). We have ωu = ω if and only if:
(ωu)(s1, s2) def.= ω(u · s1, u · s2) ◦ fu = ω(s1, s2) , ∀s1, s2 ∈ Γ(S) .
Likewise, Du = D if and only if:
DuX(s)
def.
= (u−1 ◦ Ddfu(X) ◦ u)(s) = u−1 · Ddfu(X)(u · s) = DX(s) , ∀ s ∈ Γ(S) , ∀ X ∈ TM .
Moreover, the explicit pull-back of J by u ∈ Aut(S) is given as follows:
Ju(s)
def.
= (u−1 · J(u · s)) = u−1 ◦ J(u ◦ s) ,
for every s ∈ Γ(S).
Therefore, Aut(∆) yields the global counterpart of the pseudo-duality group considered in [41],
given by Diff(M)×Sp(2nv ,R), and therefore differs remarkably from Aut(∆) if ∆ is non-trivial. For
every u ∈ Aut(∆) maps the configuration and solutions spaces of the supergravities associated to
(G,∆,J) and (fu∗G,∆,Ju ). Denote by Autb(∆) ⊂ Aut(∆) the subgroup consisting of automorphisms
of Aut(∆) covering the identity. We have the short exact sequence:
1→ Autb(∆)→ Aut(∆)→ Diff∆(M)→ 1 ,
20 C. I. LAZAROIU AND C. S. SHAHBAZI
where Diff∆(M) is the subgroup of the orientation-preserving diffeomorphism group ofM that can
be covered by elements in Aut(∆), which necessarily contains the identity component of Diff(M).
The following important lemma follows by direct computation.
Lemma 4.3. Let ∆ be a duality structure and m ∈M. We have a canonical isomorphism:
Autb(∆) = C(Holm(D),Aut(Sm,ωm)) ,
where Holm(D) denotes the holonomy group of D at m ∈ M, Aut(Sm,ωm) ≃ Sp(2nv ,R) is the
automorphism group of the fiber (Sm,ωm) = (S,ω)|m and C(Holm(D),Aut(Sm,ωm))) denotes the
centralizer of Holm(D) in Aut(Sm,ωm). In particular, both Autb(∆) and D(M,G,∆) are finite-
dimensional.
Therefore, fixing m ∈ M the automorphism group Aut(∆) fits into the following short exact se-
quence:
1→ C(Holm(D),Aut(Sm,ωm)))→ Aut(∆)→ Diff∆(M)→ 1 ,
We now introduce a global counterpart of the local electromagnetic U-duality group which is tradi-
tionally studied in the supergravity literature and was discussed in Section 2.
Definition 4.4. Let Φ = (G,∆,J) be a scalar-electromagnetic structure on M. We define the
electromagnetic U-duality group S(Φ) of Φ, or U-duality group for short, as the subgroup of
Aut(∆) which preserves both the metric G and the taming J. That is:
S(Φ)
def.
= {u ∈ Aut(∆) | fu∗G = G , J
u = J} ,
where J ∈ Φ.
Remark 4.5. We have Ju = J if and only if:
J(u ◦ s) = u ◦ J(s) , ∀ s ∈ Γ(s) ,
where ◦ composition of maps.
We denote by Autb(Θ) ⊂ Autb(∆) the based automorphisms of Σ, which are vector bundle isomor-
phisms covering the identity and preserving both ∆ and J. The U-duality group G fits into the
following short exact sequence:
1→ Autb(Θ)→ S(Φ)→ IsoΦ(M,G)→ 1 ,
where IsoΦ(M,G) ⊂ Iso(M,G) is the subgroup of the isometry group of (M,G) that can be covered
by elements in Aut(M,G,∆). Since Autb(Θ) ⊂ Autb(∆), Lemma 4.3 implies that Autb(Θ) is finite-
dimensional. Moreover, IsoΦ(M,G) is well-known to be a finite-dimensional compact Lie group,
which in turn implies that S(Φ) is a finite-dimensional Lie group which yields the global counterpart
of the local electromagnetic U-duality group defined in (13). The U-duality group of a supergravity
theory is maps solutions of that theory to solutions and thus it can be used as a solution generating
mechanism, as the following corollary of Theorem 4.1 states.
Corollary 4.6. The U-duality group S(Φ) of the supergravity theory associated to Φ preserves
Sol(Φ), that is, it maps solutions to solutions. In particular, every u ∈ G(Φ) defines a bijection
from Sol(Φ) to itself.
4.1. Holonomy trivial duality structure. In this section we consider the U-duality group in the
special case when the duality structure ∆ is holonomy trivial, that is, when it admits a global flat
symplectic frame. Fixing such a frame E = (e1, . . . , env , f1, . . . , fnv ), whose dual coframe we denote
by E∗ = (e∗1, . . . , e
∗
nv , f
∗
1 , . . . , f
∗
nv ), we can canonically identify ∆ as follows:
S =M× R2nv , ω =
∑
j
f∗j ∧ e
∗
j , D = d: Ω(M,R
2nv )→ Ω(M,R2nv ) ,
where d denotes the standard exterior derivative acting on forms taking values on R2nv . A taming
J ∈ Aut(S) of ∆ is equivalent through this identification to a unique smooth taming map:
J : M→ Aut(R2nv ) .
Moreover, E yields a canonical identification of the unbased automorphism group of Aut(S):
Aut(S) = Diff(M)×C∞(M,Aut(R2nv ) ,
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whose action is given by:
(f,U)(p, v) = (f(p),A(p)(v)) ,
for every (p, v) ∈ M × R2nv and (f,A) ∈ Aut(S) = Diff(M) × C∞(M,Aut(R2nv ). An element (f,A) ∈
Aut(S) preservesω andD if and only if A is constant and belongs to the symplectic group Sp(2nv ,R) ⊂
Aut(R2nv ) defined as the stabilizer of ω in Aut(R2nv ). Therefore:
Aut(∆) = Diff(M)× Sp(2nv ,R) ,
which corresponds to the group Diff(V )× Sp(2nv ,R) considered in section 2. The pullback Ju of J
by u = (f,A) ∈ Aut(∆) reads:
Ju|p(p, v) = (u · J)|f−1(p)(u
−1|p · (p, v)) = u · J|f−1(p)(f
−1(p),A−1(v)) = (p,AJf−1(p)A
−1(v))
Thus an element (f,A) ∈ Aut(∆) preserves J : M→ Aut(R2nv ) if and only if:
A(J ◦ f−1)A−1 = J ,
which in turn implies that the electromagnetic U-duality group associated to a scalar electromagnetic
structure Φ = (G,∆,J) is given by:
S(Φ)
def.
=
{
(f,A) ∈ Aut(∆) | f∗G = G , AJA
−1 = J ◦ f
}
, (24)
which recovers equation (13).
5. SUPERGRAVITY KILLING SPINOR EQUATIONS
In the previous sections we discussed the generic bosonic sector of four-dimensional super-
gravity, which a priori does not involve supersymmetry and relies only on a consistent coupling
of gravity, scalars and Abelian gauge fields in a manner compatible with electromagnetic duality.
In order to have the complete picture of geometric supergravity and to showcase the power of
supersymmetry, we need to discuss the supergravity Killing spinor equations, which arise from
imposing invariance under supersymmetry transformations on a purely bosonic solution. For the
moment, we denote by B the bosonic fields of a four-dimensional supergravity theory, which we
know from Section 3 to consist of Lorentzian metrics, smooth maps into the scalar manifold of
the theory and twisted self-dual two-forms taking values in the duality bundle, and let us denote
by F the corresponding fermionic fields. The latter depend heavily on the specific supergravity
theory under consideration. Given a supersymmetry parameter ε, which we can think of as being
a spinor on M1, the infinitesimal supersymmetry transformations of B and F in the direction ε
correspond schematically to an infinitesimal transformation of the form:
δεB = F(ε) , δεF = B(ε)
where the right hand side depends linearly on ε. A solution (B,F) of four-dimensional supergravity
is said to be supersymmetric if it is invariant under such an infinitesimal transformation, i.e.:
δεB = F(ε) = 0 , δεF = B(ε) = 0 . (25)
To the best of our knowledge, there is no fully general and mathematically rigorous formulation of
these transformations which could serve to give the basis of a mathematical theory of supergravity
including its complete fermionic sector and supersymmetry transformations. As disappointing as
this may seem, what is important to us is that if we restrict the previous transformations to a purely
bosonic background, that is, if we set F = 0, (25) reduces to an expression of the form:
δεF = B(ε) = 0 , (26)
which is expected to admit a rigorous mathematical formulation using the tools of mathematical
gauge theory and global differential geometry and analysis. The expression (26) yields a system
of partial differential equations for a metric g , a scalar map φ and a twisted self-dual two-form V
coupled to a spinor ε. In agreement with the terminology introduced earlier, a bosonic solution
B is then said to be supersymmetric if Equation (26) holds. The spinorial equations arising from
δεF = 0 are always of the type:
DBε = 0 , QB(ε) = 0 ,
where ε ∈ Γ(S) is a section of an appropriate bundle of real or complex Clifford modules over
the underlying manifold M , DB is a connection on S depending on B and QB ∈ Γ(End(S)) is an
1More precisely, it is a section of a bundle of real or complex Clifford modules of certain type, which is in general notassociated to a spin structure but the more general notion of Lipschitz structure instead, see [43, 44] for more details.
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endomorphism of S depending also on B. We note that the mathematical theory of supergravity
Killing spinor equations is far from being established, so in the following we will content ourselves
with presenting some particular examples where such mathematical formulation does exist, see
[14] for more details. The main difficulty in developing the mathematical theory of supergravity
Killing spinor equations resides in giving global mathematical sense to the local formulas available
in the supergravity physics literature for DB and QB(ε), which involve state of the art geometric
structures subtly coupled through supersymmetry.
5.1. Pure (AdS) N = 1 supergravity. We fix an oriented Lorentzian spin four-manifold, which
for simplicity in the exposition we will assume to satisfy H1(M,Z2) = 0 (so isomorphism classes
of spin structures on M are unique). For every Lorentzian metric g on M , we denote by Sg
the unique (modulo isomorphism) bundle of irreducible real Clifford modules over the bundle of
Clifford algebrasCl(M,g) of (M,g). Pure (AdS)N = 1 supergravity is the simplest four-dimensional
supergravity theory. The scalar manifold consists of a point and the duality structure is trivial of
zero rank. The scalar potential is constant. The bosonic matter content of the theory, that is, its
configuration space, consists therefore simply of a Lorentzian metric and the theory admits the
following action functional [53, Chapter 5]:
S[g ] =
∫
U
[
Sg + 6λ
2
]
volg .
The partial differential equations associated to the variational problem of the previous functional
are:
Ric(g) = −3λ2 g .
Therefore, bosonic pure AdS N = 1 supergravity is given by Einstein’s theory of gravity coupled
to a negative semi-definite cosmological constant. The Killing spinor equations of the theory read
[53, Chapter 5]:
∇gvε =
λ
2
v · ε , ∀ v ∈ X(M) , (27)
for a real spinor ε ∈ Γ(Sg ). Consequently, an Einstein metric g with Einstein constant −3λ2 is a
supersymmetric solution of N = 1 pure AdS supergravity if and only if (M,g) admits a spinor
ε satisfying (27). Note that the latter condition is automatic in Riemannian signature but not in
Lorentzian signature. Hence, the set of supersymmetric solutions of pure (AdS)N = 1 supergravity
is given by:
SolS(M,λ) =
{
(g, ε) | Ric(g) = −3λ2 g , ∇gvε =
λ
2
v · ε , ∀v ∈ X(M)
}
.
Equation (27) is a particular case of a real Killing spinor equation on a Lorentzian four-manifold,
and has been studied in [15, 49]. Reference [49] proves that an oriented and spin Lorentzian four-
manifold carrying a solution of (27) such that λ 6= 0 is locally conformally a Brinkmann space-time.
On the other hand, Reference [15] proves the following global result.
Theorem 5.1. [15, Theorem 5.3] (M,g) admits a nontrivial real Killing spinor with Killing constant
λ
2
if and only if it admits a pair of orthogonal one-forms u, l ∈ Ω1(M) with u lightlike and l of
positive unit norm satisfying:
∇gu = λ u ∧ l , ∇g l = κ ⊗ u + λ(l ⊗ l − g) ,
for some κ ∈ Ω1(M). In this case, u♯ ∈ X(M) is a Killing vector field with geodesic integral curves.
Remark 5.2. Theorem 5.1 immediately implies that κ is closed if and only if Leitner’s result holds
with respect to u, that is, if and only if every such (M,g) is locally conformally Brinkmann with
respect to u. We have not been able to prove that κ is necessarily closed.
Of course, when λ = 0 equation (27) reduces to the condition of ε being a parallel spinor, which
has been extensively studied both in the mathematics and physics literature, see for example [48]
and references therein. To the best knowledge of the authors, the differential topology of globally
hyperbolic Lorentzian manifolds carrying a solution of (27) has not been investigated in the litera-
ture. We believe that the global characterization provided by Theorem 5.1 is a convenient starting
point for such a study.
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5.2. ChiralN = 1 supergravity with constant scalar map and superpotential. We fix an oriented
and spin Lorentzian four-manifold, which we assume to satisfy H1(M,Z2) = 0 for the same reasons
as in the previous section. For every Lorentzian metric g on M , we denote by $g the unique (mod-
ulo isomorphism) bundle of irreducible complex Clifford modules over Cl(M,g). The Lorentzian
volume form of (M,g) is denoted by ν, while the complex volume form is denote by νC = iν. We
have:
ν2C = 1 , (28)
Therefore, the complex spinor bundle splits as a sum of chiral bundles:
$g = $
−
g ⊕ $
+
g ,
where the superscript denotes the chirality. To describe chiral N = 1 supergravity with constant
scalar map and superpotential (see [29, 53] for more details) we take the scalar manifold to be a
point and the duality structure to be trivial of rank zero. Under these assumptions, it can be shown
that the theory admits an action functional given by:
S[g ] =
∫
U
[
Sg + 24|w|
2
]
volg ,
where w ∈ C is a complex constant corresponding to the superpotential and U ⊂ M is any relatively
compact open set. The equations of motion associated to the previous functional read:
Ric(g) = −12|w|2g ,
which are the standard Einstein equations coupled to a negative semi-definite cosmological constant.
Using the chiral splitting $g = $−g⊕$
+
g , we define for everyw ∈ C the following morphism of complex
vector bundles:
Tw : Ω
0($g )→ Ω
1($g ) , Tw (ε1 ⊕ ε2)(v) = γ(v)(wε1 ⊕ w¯ε2) ,
where γ : Cl(M,g) → End($g ) denotes Clifford multiplication. In terms of Tw : Ω0($g ) → Ω1($g ) the
Killing spinor equations of the theory are given by:
∇gε = Tw(ε) , c(ε) = ε , (29)
where ∇g denotes the lift of the Levi-Civita connection to the spinor bundle and:
c : $g → $g
denotes the canonical complex-conjugate and spin-equivariant anti-automorphism of the complex
spinor bundle $g (see [15] for more details). Therefore, the set SolS(M) of supersymmetric solutions
on M consists on pairs (g, ε), with g a Lorentzian metric and ε chiral spinor, such that:
SolS(M) =
{
(g, ε) | Ric(g) = −12|w|2 g , ∇gε = Tw(ε) , c(ε) = ε , ∀v ∈ X(M)
}
.
It is important to point out that Equation (29) does not correspond to a standard Killing spinor
equation (for neither real nor imaginary Killing spinors) unless w is real, due to the fact that the
endomorphism Tw involves the complex conjugate of w. This in turn implies that the number that
occurs as the Einstein constant of the corresponding integrability condition is actually |w|2. This
allows w to be any complex number instead of only real or purely imaginary. To the best of our
knowledge, the globally hyperbolic Lorentzian four-manifolds that admit supersymmetric solutions
to this supergravity theory has not been investigated in the literature.
5.3. Chiral N = 1 supergravity with vanishing superpotential. We fix an oriented Lorentzian
Spinc(3, 1) four-manifold, which for simplicity of exposition we will assume to satisfy H2(M,Z) = 0
(so that isomorphism classes of spinc structures on M are unique). For every Lorentzian metric g
on M , we denote by $g the unique (modulo isomorphism) bundle of irreducible complex Clifford
modules over Cl(M,g). As before, the complex spinor bundle splits as a sum of chiral bundles:
$g = $
−
g ⊕ $
+
g ,
where the superscript denotes chirality. The scalar manifold of N = 1 supergravity with vanishing
superpotential and with trivial duality structure of rank zero is a complex manifoldM equipped with
a negative Hermitian holomorphic line bundle (L,H) with Hermitian structureH. The Riemannian
metric G occurring in the non-linear sigma model of four-dimensional supergravity is given by the
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metric induced by the curvature of the Chern connection of (L,H), see [6, 14] for more details.
Such N = 1 supergravity admits a Lagrangian formulation with Lagrangian given by:
Lag[g, φ] = Rg − |dφ|
2
G,g ,
for pairs (g, φ) consisting of Lorentzian metrics g and scalar maps φ : M →M. As it is standard in
the theory of harmonic maps (or wave maps), we consider:
dφ ∈ Ω1(M,TMφ) ,
as a one-form on M taking values in the pullback of TMφ by φ. Therefore, the theory reduces
to Einstein gravity coupled to a non-linear sigma model with target space given by the complex
manifoldM equipped with the Kähler metric defined by the curvature of the Chern connection of
(L,H). The Killing spinor equations are given by:
∇φε = 0 , dφ0,1 · ε = 0 ,
where ∇φ : Γ($g ) → Γ($g ) is the canonical lift of the Levi-Civita connection on (M,g) together
with the pull-back of the Chern connection on (L,H) by φ. Therefore, the set ConfS(M,M,L,H)
of supersymmetric configurations on M consists on triples (g, φ, ε), with g a Lorentzian metric,
φ : M →M a scalar map and ε a chiral spinor, such that:
ConfS(M,M,L,H) =
{
(g, φ, ε) | ∇φε = 0 , dφ0,1 · ε = 0
}
.
Lorentzian manifolds (M,g) admitting a solution (g, φ, ε) to the Killing spinor equations stated above
are particular instances of Lorentzian Spinc(3, 1) manifolds admitting parallel spinors. Simply con-
nected and geodesically complete Lorentzian manifolds of this type have been studied and classified
in the literature, see reference [52] for the Riemannian case and Reference [42] for the pseudo-
Riemannian case. It cannot be expected a priori that every Spinc(3, 1) Lorentzian four-manifold
which admits a parallel spinor also admits a solution to the Killing spinor equations. Adapting the
main Theorem of [42] to our situation we obtain the following result.
Proposition 5.3. LetM be a simply-connected and geodesically complete Lorentzian four-manifold
admitting a supersymmetric solution (g, φ, ε) of N = 1 chiral supergravity with vanishing su-
perpotential. Then, one of the following holds:
(1) (M,g) is isometric to four-dimensional flat Minkowski space.
(2) (M,g) is isometric to (M,g) ≃ (R2 × X, η1,1 × h), where η1,1 is the flat two-dimensional
Minkowski metric and X is a Riemann surface equipped with a Kähler metric h.
(3) The holonomy group H of (M,g) is a subgroup of SO(2)⋉R2 ⊂ SO0(3, 1).
Therefore, every geodesically complete and simply connected supersymmetric solution must be of
the form described by the previous proposition. However, the converse need not be true, since
a supersymmetric solution requires (M,g) to admit a parallel spinor with respect to the specific
connection ∇φ, which is coupled to the scalar map φ, which is in turn required to satisfy its corre-
sponding Killing spinor equation. To the best of our knowledge, the problem of classifying globally
hyperbolic Lorentzian four-manifolds carrying supersymmetric solutions of this supergravity theory
is currently open.
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